Abstract. Let K be an algebraically closed field of characteristic p > 0. We apply a theorem of C. Han to give an explicit description for the weak Lefschetz property of the monomial Artinian complete intersec- for some positive integer t. This was recently conjectured by J. Li and F. Zanello.
Introduction
Let R = K[X 0 , . . . , X N ] be the polynomial ring in N + 1 variables over an algebraically closed field K and let f 1 , . . . , f n denote R + -primary homogeneous polynomials in R (i.e., (f 1 , . . . , f n ) = R + ). Then the quotient A := R/(f 1 , . . . , f n ) is an Artinian graded K-algebra, i.e., A is of the form A = K ⊕ A 1 ⊕ . . . ⊕ A s for some integer s ≥ 0. The algebra A has the weak Lefschetz property (abbreviated by WLP) if for every general linear form ℓ ∈ R 1 the multiplication maps A m ·ℓ −→ A m+1 have maximal rank for m = 0, . . . , s − 1.
We also associate to the polynomials f 1 , . . . , f n the syzygy bundle on P N = Proj R. This vector bundle is given by the short exact sequence
where d i := deg(f i ). If N = 2 and char(K) = 0, we gave in our article [2] a characterization for the weak Lefschetz property of the Artinian algebra A in terms of the generic splitting type of the syzygy bundle Syz(f 1 , . . . , f n ) (see [2, Theorem 2.2] ). As a consequence we obtained, using the theorem of Grauert-Mülich (see [6, Theorem 3 Besides our geometric approach, the key ingredient for our investigation is a theorem of C. Han which computes the syzygy gap for an ideal of the form
A characterization of the WLP for monomial Artinian complete intersections in positive characteristic
The following lemma relates the question of whether the Artinian algebra Next, we explain the notion of syzygy gap introduced in [9] by P. Monsky. Let K be an algebraically closed field and consider the ideal I :
The minimal graded free resolution of the quotient S/I is given by (1) The algebra A has the weak Lefschetz property.
the theorem of Grauert-Mülich holds
Proof. The equivalence (1) ⇔ (2) is proved in Lemma 2.1. 
An element u = (u 1 , u 2 , u 3 ) ∈ Z 3 belongs to L odd if and only if all entries of u are odd or if there is only one odd entry u i , i ∈ {1, 2, 3}. Further, we denote by td the taxi-cab distance in R 3 defined as td(v, w) :
3 . The following theorem due to C. Han yields an effective way to compute δ * for a given triple (1) There exists k ∈ N and n ∈ N such that
Theorem 2.3 (Han). Let K be an algebraically closed field of characteristic p > 0 and assume the entries of
(2) There exists an odd number u ∈ N and s ∈ Z, s ≤ 0, such that u − 1 3 < dp s < u + 1 3 .
(3) There exists an integer s, s ≤ 0, such that the taxi-cab distance of (dp s , dp s , dp s ) to some point in L odd is < 1.
Proof. To proof the equivalence between (1) and (2) we set s = −n and u = 2k + 1. The condition in (1) is equivalent with
and by inverting it is equivalent with u − 1 3 < dp
If (2) is true, then we have (u, u, u) ∈ L odd and the taxi-cab distance between (dp s , dp s , dp s ) and (u, u, u) is < 1. On the other hand, the distance of a point on the diagonal to any point in L odd outside the diagonal is at least 1, so we only have to consider points on the diagonal. 
.
Proof. Otherwise we would have either 3d
This gives either p n (6k + 4) = 3d + 1 or p n (6k + 2) = 3d − 1 .
We plug this in the first inequality and get in the first case
By inverting we obtain 3k
From the right hand side we get p
3k+2 which yields the contradiction 3k
In the second case we obtain 
(2) If d is odd, then A does not have the weak Lefschetz property if and only if there exists a k ∈ N and an
Proof. We prove (1) . Assume that we have 3d 6k + 2 > p n > 3d 6k + 4 for some k ∈ N and n ∈ N + . We set s := −n, u := 2k + 1. Then we have m := td(p Next we prove (2). First we remark that, since d is odd, the condition 3d 6k + 2 > p n > 3d 6k + 4 is always fulfilled for n = 0 and k such that d = 2k + 1. We choose n > 0 maximal such that 3d 6k + 2 > p n > 3d 6k + 4 holds for some k. Hence we can apply Han's Theorem 2.3 with s := −n (minimal) and u := 2k + 1 to compute the syzygy gap.
by Lemma 2.4 and hence
Suppose that the numerical condition of part (2) is fulfilled for some k ′ ∈ N and n ′ ∈ N + . According to Lemma 2.5 we may assume that this condition also holds for the chosen (maximal) n, hence
Then we have in particular u − 1 3 = 6k + 2 3 < dp s < 6k + 4 3 = u + 1 3 by Lemma 2.4. Now we distinguish two cases.
Case 1: Let u > dp s . Then the taxi-cab distance from p
and we have m < 1 (by Lemma 2.4). So we obtain for the syzygy gap:
Therefore the syzygy gap is indeed ≥ 3. Hence it follows from Corollary 2.2 that A does not have the WLP.
Case 2: Let u ≤ dp s . Then we obtain
which is again < 1. So we can estimate the syzygy gap as follows:
Again we conclude that A does not have the WLP. Next suppose that the numerical condition of part (2) 
where n and k are chosen as in the beginning of the proof of part (2).
6k+4 . Then we even have p n (6k + 4) = p n (3u + 1) = 3d + 1.
we have dp s > u. So we obtain
which is < 1. This gives:
Hence A has the WLP by Corollary 2.2.
we now have u > dp s . Hence
Once again we get
We conclude as above that A has the WLP.
As a corollary we obtain [7, Conjecture 3.9].
Corollary 2.7. Let K be a field of characteristic 2. Then the Artinian com- for some positive integer t.
(note that there is only one such n since 
holds, i.e., if we have either 3d − 1 = 2 n+1 or 3d + 1 = 2 n+2 . This gives the assertion of the corollary. Remark 2.8. As remarked in [7] and indicated in our proof, Corollary 2.7 implies that the monomial complete intersection Proof. We write d = p n u with u = 2k + 1 odd, n ≥ 1. Then
Since the numerator is larger than the denominator, this number is strictly between 3d+1 6k+3+1 and 3d−1 6k+3−1 , so this fulfills the condition of Theorem 2.6(2).
Remark 2.8 and Corollary 2.9 imply that only for d = 1 the WLP holds in all characteristics. We will see in the examples below that for d even the weak Lefschetz property can hold in characteristics dividing d (but not in characteristic 2). Example 2.10. We consider d even and determine the exceptional prime numbers (here we mean by exceptional that the Artinian complete intersec- , which yields also p = 11.
